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ABSTRACT

This study investigates the fundamental mechanisms of synchronization in nonlinear dynamical systems under external
influences, bridging theoretical analysis with real-world geophysical applications. We first focus on the van der Pol
nonlinear oscillator to explore forced synchronization, employing numerical modeling to analyze how external periodic
forces modify the system's phase and frequency dynamics. A key finding reveals that the introduction of random noise
can, counter-intuitively, contribute to the regulation of complex or chaotic regimes, leading to enhanced stability.
Extending this analysis to the Sun-Earth connection, we utilize the wavelet coherence method to quantitatively assess
the time-frequency coherence between solar parameters (such as the f10.7 index and the IMF B, component) and
terrestrial responses. This analysis successfully detects significant synchronization effects, confirming that the coherent
interaction between these systems is directly responsible for triggering geomagnetic storms. Overall, this work provides
a comprehensive framework for understanding synchronization phenomena, from controlled nonlinear systems to
large-scale astrophysical interactions.
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Introduction

Synchronization is a universal organizing principle describing the process by which two or more
interacting dynamical systems operate in a time-coordinated manner. Using numerical modeling, we
proceed to analyze how applied external periodic forces and the introduction of random noise collectively
influence the oscillator’s characteristic phase and frequency behavior. Crucially, we seek to determine the
precise conditions under which noise often seen as a disruptive element can surprisingly contribute to the
regulation of chaotic regimes, thereby inducing stability through stochastic resonance [1-2]. Using humerical
modeling, we analyze how external periodic forces and the introduction of random noise change the
oscillator’s phase and frequency behavior. A key area of focus is determining the conditions under which
noise can surprisingly contribute to the regulation of chaotic regimes, thereby inducing stability through
stochastic resonance.

Beyond laboratory models, synchronization is fundamental to solar-terrestrial coupling the complex
interaction chain through which solar energy influences the Earth’s Geospace environment. To evaluate this
coupling, we employ wavelet coherence, which provides a time-frequency assessment of the interaction
between solar drivers and terrestrial signals. By analyzing specific parameters such as the IMF (B,)
component and the solar flux index F10.7, this study identifies synchronization windows that trigger
geomagnetic storms on Earth, offering a unified framework that links nonlinear oscillator dynamics with
large-scale space-weather phenomena and clarifies how coherent external forcing shapes system-wide
responses.

86


mailto:mariam.martiashvili971@ens.tsu.edu.ge

Materials and methods

This article briefly considers Causes of geomagnetic storms on Earth in 1960-2025, 27 days apart.
Based on the available study, some characteristics of these cases are analyzed. The averaged data is taken
from several stations on Earth.

The study is processed using proven methods of mathematical statistics, validated statistical and
probability-based methods commonly used in magnetospheric physics and solar—terrestrial research.

Results

The van der Pol oscillator is a prototypical nonlinear self-sustained system characterized by a non-
linear damping regime in the absence of external forcing.
d?x

dx
W—(s—xz)a + w?x=0 €Y)

To analyze the system's dynamics, the Fast Fourier Transform (FFT) is employed, which
decomposes complex signals into simpler frequency components. The first case examined is the unforced
oscillator. As shown in Figure 1, with no external influence, the oscillator oscillates at its natural frequency,
which is clearly represented by the fundamental peak corresponding to the selected frequency data.
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Fig.1. Oscillator without external force. & =1;w=1.5;

When the oscillator is subjected to an external force, the governing equation takes the form:
2
ZTDZC — (e —x? )% + w?x = Asin(Qt) (2)

In this case, the external force is a harmonic excitation. The application of this force yields two
possible outcomes: synchronous and asynchronous regimes.

Asynchronous Regime (Figure 2): Figure 2 shows the frequency spectrum when the amplitude of the
external force is relatively small, insufficient to force the system into synchronization with its frequency. The
result is an asynchronous regime, clearly indicated by the distinct, separate frequency peaks of the external
force and the oscillator's natural frequency. They do not coincide.
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Fig.2. Asynchronous mode Fig.3. Synchronization without force.
e=1LA=1Lw=150=1 e=LA=4%w=150=1;

Synchronous Regime (Figure 3): To demonstrate synchronization between the external force and the
oscillator, the amplitude of the external force was increased while keeping the frequency parameter constant.
The increased amplitude successfully induced synchronization, which is evident in the spectrum by the
presence of a single fundamental frequency component (Figure 3), which now matches the frequency of the
external force.

We next observe the van der Pol oscillator when the system is subjected to a random, unpredictable
force, or noise. The equation is modified to include a noise term:

d’x

FTEa (e — x2 )% + w?x = Asin(Qt) + V2bB(t) 3)

As shown previously, a small amplitude external force alone did not establish synchronization
between the oscillator's natural frequency and the forcing frequency. However, the addition of white noise to
the system, even with the small amplitude external force, successfully established the synchronization effect
(Figure 4). This illustrates a key principle related to Stochastic Resonance, where noise aids coherence.
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Fig.4. Synchronization of Van der Pol oscillators under the influence of white noise. €=0,5; b-. ..;
0=1.5; w=1; B=2.5;
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Now let's look at the synchronization effect using the example of Adler's equation [3-4]. If the
parameters included in the Van der Pol equation satisfy the given conditions: w = Q, ¢ > 0,4 « 1, We look
for the solution in the following form: x(t) = R(t)cos(wt+@(t)), where A and ¢ are slowly varying
functions of time, and A, and w, are the amplitude and frequency of the self-oscillation without the external
force. By substituting this solution and performing averaging (or other asymptotic methods), we obtain an
equation for the phase (¢), which is called Adler's equation:

¢=—A4+ %@_Sl’n(q)(t)) @)

Synchronization can be classified as having either a continuous (constant) or intermittent (variable)
character. We examined the phase synchronization behavior in the case of a single external force.
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Fig.5.a. Phase synchronization for the Adler equation. Fig. 5.b. Phase synchronization for the Adler equation.
Phase transitions. £ = 0.1; A=0.032; B =0.02; e = 0.1; 4=0.005; B = 0.007;

Intermittent Phase Synchronization (Figure 5a): Over a specific time interval, the phase remains
constant, followed by a phase slip (a jump). The system then re-establishes a synchronization regime at a
different phase value, and this cycle repeats (Figure 5a).

Continuous Phase Synchronization (Figure 5b): We can also observe a case where phase
synchronization adopts a constant character. With the given parameters, synchronization did not occur over
an initial time interval, but then took on a continuous (constant) character (Figure 5b).

In order to clarify how solar variability imprints itself on Earth’s magnetosphere, we investigated
long-term Sun-terrestrial coupling using multi-decadal records of the Dst geomagnetic index, the solar flux
index F10.7, and the sunspot number R. The purpose of this analysis was to determine whether coherent
structures, synchronization regimes, or phase-locking patterns could explain the emergence and statistical
distribution of geomagnetic disturbances, including storm-time events. Our results show that synchronization
between solar drivers and the geomagnetic response appears at several characteristic scales.

Wavelet coherence reveals a broad, persistent synchronization band near the 11-year solar cycle,
accompanied by intermittent coherence patches around the 27-day rotational period, indicating that both
long-term and recurrent solar features leave detectable signatures in Dst variability. These findings are
supported by the F10.7-Dst scatter distribution, which shows weak but systematic coupling during quiet and
moderate conditions, and by the R-Dst density plot, where most values cluster between 20 and 60 nT,
reflecting the background state of the magnetosphere. Only a small fraction of points extend below Dst <
100 nT, corresponding to intense geomagnetic storms.
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Fig.6. Coherence of the

This figure.6 presents the wavelet coherence between the interplanetary magnetic field (IMF) and

the Earth’s magnetic field. The coherence map displays scale-dependent correlations, where high-coherence

regions highlight intervals of strong coupling between IMF fluctuations and geomagnetic responses. The

cone of influence and significance contours outline the statistically reliable coherence zones.
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Fig.7. Coherent analysis of sunspot activity and geomagnetic field variations
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This figure.7 shows the wavelet coherence between the sunspot number time series and geomagnetic
field variations. The diagram reveals localized periods of elevated coherence across multiple time scales,
indicating intervals where solar activity and geomagnetic disturbances exhibit synchronized behavior.
Significant coherence patches are delineated by contour boundaries.
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Fig.8. Radio emission from the Sun between 10.7 cm and Dst.

This figure.8 illustrates the coherence between the 10.7-cm solar radio flux and the geomagnetic Dst
index. The coherence plot highlights frequency bands where radio emission variability corresponds to
geomagnetic storm intensity. High-coherence areas, emphasized by significance contours, indicate time—
scale intervals characterized by strong coupling.

Taken together, these results demonstrate that geomagnetic storms emerge precisely when the
magnetosphere transitions into a state of maximal synchronization with the intensified interplanetary
magnetic field. The persistence and phase uniformity within the high-coherence regions are the necessary
and sufficient conditions for efficiently driving the ring current. This finding suggests that forecasting severe
space weather should incorporate not only the amplitude of the solar wind parameters but also the degree of
sustained phase coherence between the driver and the terrestrial response system.

Conclusion

We initially explored the concept and importance of synchronization through theoretical models.
Specifically, we demonstrated frequency synchronization in the van der Pol model and phase
synchronization in the Adler equation using numerical experiments. Applying this understanding to real-
world data, we used Wavelet Coherence to show a time- and frequency-dependent relationship between solar
activity indices (including sunspot numbers and the 10.7 cm radio flux) and the Earth's magnetic field
(proxied by the Dst index and IMF B, components). The highest period of coherence consistently
corresponds to the phases of solar maxima, confirming that strong solar activity significantly affects the
Earth's magnetosphere. These results confirm that changes in the solar cycle fundamentally determine
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geomagnetic oscillations and demonstrate a close dynamical coupling between the solar magnetic field and
that of the Earth.
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P PeKThl CHHXPOHU3AUN BO B3aMMOJAECHCTBUH CJIOKHBIX
HEJIMHENHBIX CUCTEM

M. Mapruamswiu, O. Xapmuaanze, . 3winmumuanu

Pe3rome

UccnenoBanne mocBslmeHO  (yHIAMEHTAIbHBIM  MEXaHM3MaM  CHHXPOHH3AIlMM B  HEIHMHEHHBIX
TUHAMUYECKHX CHCTeMax II0J BHEIIHAMH BO3IACHCTBUSAMHU, OOBEOMHSS TEOPETUUCCKUN aHaau3 ¢
MPaKTHYECKUMHU TeopU3nYecCKuMH mnpuiokeHussiMu. CHadana BHHMAaHUE YJIENSICTCA HEIUHEHHOMY
ocuwuaTopy BaH aep [loms mist m3ydeHUWs BBIHYKIEHHOW CHHXPOHHM3AIHH; C IIOMOIIBI0 YUCIEHHOTO
MOJICIIMPOBAHUS AHAIM3UPYETCS, KaK BHEIIHWE MEPHOTUICCKUE BO3JCHCTBUS HU3MEHSIOT (ha30BYyI0 U
YaCTOTHYIO JUHAMHKY CUCTeMbl. KiroueBoil pe3ynbTaT MOKa3bIBaeT, YTO BBEACHHE CIy4YallHOro IIyma
MOJKET, BOIIPEKH OXHIAHUSM, CIIOCOOCTBOBATH DPETYIUPOBAHHUIO CIIOKHBIX MM XaOTHYECKUX PEXUMOB,
MOBBIIIAS YCTOUYUBOCTH CUCTEMBL.

Pactmpsii ananmu3 Ha cBsa3b ConHie-3eMiid, Mbl TPUMEHSIEM METOJ BEUBJIET-KOI'€PEHTHOCTH IS
KOJTMYECTBEHHOU OIEHKHA BPEMEHHO-YaCTOTHOM KOTEPEHTHOCTH MEXKIY COTHEUYHBEIMH IapaMeTpaMi (TaKUMH
kak uaAekc F10.7 u cocraBnstomas IMF B,) U 3eMHBIMH OTKJIMKaMH. DTOT aHAJIU3 YCHEIIHO BBISBISET
3HaunMble 3PPEKTH CHHXPOHU3ALNH, TOATBEPIKIAsl, YTO COTJIACOBAHHOE B3aMMOICHCTBHE MEXIY ISTUMH
CHUCTEMaMH HaNpsSMyI0 OTBeYaeT 3a 3alyCK TEeOMAarHuTHBIX Oyps. B memom pabGorta Qopmupyer
KOMILJIEKCHYIO OCHOBY [JIsl IOHUMAHUS SIBICHUM CUHXPOHU3ALKU OT YIPaBISEMbIX HEJIMHEWHBIX CUCTEM 10
KpYIMHOMAacCIITaOHBIX acTPO(PHU3NUECKUX B3aMMOCHCTBUH.

KuaroueBsle ciaoBa: Cunxponuszanus, ocuwyuisitop Ban aep [lons, BeBiIeT-KOrepeHTHOCTh, CTOXaCTHUECKHIMA
pEe30HaHC, TeOMAarHUTHEIE OypH.
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