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ABSTRACT

The physical representation of the dynamic picture of the karst development pursues various objectives,
among which, in particular, is to assess the characteristic time scale of their formation. Obviously, this
problem is quite complicated because of the many-sidedness of the process of karsting, proceeding with
both: general characteristics and local features. In particular, karst voids can have a variety of forms, some
of which have some regularity due to similarity with a certain geometric figure. For example, for karst, a
funnel-shaped form with a base on the earth's surface is quite common. The effectiveness of the leaching
factor is directly dependent on the geological quality of the medium and the duration of the action of the
water. It seems that to confirm the uniformity of the mechanism, the action of which leads to the elution of
the solid rock, one can turn to the approximation of the hydrodynamic boundary layer arising when flowing
over a solid surface. The rate of washing out of solid rock from the karstic cavity depends on the flow of
water, which can vary depending on the flow regime. However, we can talk about some average
characteristic, if we assume, for example, that the water movement is laminar. it should be noted that the
value of the rate of karst leaching used for numerical evaluation is very approximate. it nevertheless seems
that with the help of the model we have used, it is possible to obtain more accurate quantitative estimates.
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Introduction

Investigation of natural causes leading to the formation of karst voids, formed both on the surface
and in the depth of the Earth, is a common problem of geophysics and hydrogeology. The physical
representation of the dynamic picture of the karst development pursues various objectives, among which,
in particular, is to assess the characteristic time scale of their formation.
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Obviously, this problem is quite complicated because of the many-sidedness of the process of
karsting, proceeding with both general characteristics and local features [1]. Specificity is mainly
determined by local geology and climate, however, not only these factors [2]. For example, there is a
variety in the form of karst voids, noted in spatially separated places, but almost identical in terms of the
action of natural factors [3-5]. In particular, karst voids can have a variety of forms, some of which have
some regularity due to similarity with a certain geometric figure. For example, for karst, a funnel-shaped
form with a base on the earth’s surface is quite common (Fig. 1).

The nose of the funnel can join with the channel of the underground river or a reservoir of
groundwater or with a cave. However, despite the wide variety of forms of karst voids, for everyone there
are common factors that give rise to their formation. First of all, it concerns the universality of the
mechanism of washing out of solid rock, which leads to the appearance of voids. The effectiveness of the
leaching factor is directly dependent on the geological quality of the medium and the duration of the action
of the water. Undoubtedly, under the same hydrological conditions, the process of elution of the rock in
limestone or in sandstone should be more intense than, for example, in basalts. Although porosity, i.e. the
moisture capacity of basalts is higher than that of sandstones and limestones, basalts are also higher in
resistance to shear due to their hardness. It is also obvious that the formation of voids in a solid rock
directly depends on the intensity of atmospheric precipitation, which, in addition to the surface, also has a
deep effect, feeding groundwater. Simultaneously with climatic factors, the process of karst formation is
also affected by the orography of the area, which determines the topology of surface runoff. Moreover, in
direct dependence on orography, there is also a typology of deep water bearing channels (filtration
capillaries) supplying underground reservoirs [3].

The essence of the problem

It seems that to confirm the uniformity of the mechanism, the action of which leads to the elution
of the solid rock, one can turn to the approximation of the hydrodynamic boundary layer arising when
flowing over a solid surface. The general condition necessary for its occurrence in the process of washing
out solid rock with water is certainly present. Because Water is a real liquid, when it moves in karst
cavities of any shape, viscous effects must necessarily occur.

Fig. 2

For a qualitative representation of the karst cavity, it is convenient to use its geometric analogy, for
which one can use a figure whose cross-sectional area decreases with increasing of height. Obviously, in
the case of radial symmetry, such a figure can be a cylinder, which in the limit passes into a cone (Fig. 2).
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Obviously, for the completeness of the geometric similarity of the karst funnel and cone, the latter
must be truncated. It is for the funnel of such a form that a mathematically rigorous analytical solution is

known that determines the thickness of the laminar boundary layer on the inner surface of the funnel [6]
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In this expression there are parameters of the cone and the flow of water. In particular: é,is the
thickness of the laminar boundary layer, [, is the distance from the top of the funnel to its arbitrary cross
section of radius Ry, inclusive of the funnel neck, L is the funnel length, [ = L — [, a is the half-angle of

the approximate cone solution, M = IZ" < 1 is a dimensionless parameter present in the mathematical

scheme for solving the problem. The flow velocity through the cone funnel in expression (1) is present
through the pressure drop between the vertex and the funnel base P, and v is the coefficient of the
kinematic viscosity of the water.

It follows from expression (1) that in the case of constancy of the parameters of the approximation
cone and the Kinetic viscosity of water viscosity, the velocity of flow through the funnel will be the only
parameter that controls the thickness of the boundary layer. Consequently, the radius of the truncated top
of the cone can be identified with the radius of the neck of the funnel. For a significant number of karst
craters, this analogy is quite plausible, although in the case of a conventional economic funnel of a
classical shape, the cone-shaped part ends in a fairly long cylindrical leg. The karst cavities may not have
such an end, although they are no less than a conical funnel, similar in shape to a truncated cone.

Thus, the flow of liquid through the funnel is largely determined by the viscous boundary layer
arising on its inner surface. However, the thickness of the boundary layer, in addition to the viscosity of
water, is also dependent on the water velocity. Therefore, the structure of the flow in the funnel should be
quite complicated. In particular, at a distance from the boundary layer, the viscosity effect should decrease
and the likelihood of a laminar flow change to turbulent flow increase. Consequently, based on the degree
of loading (the level of filling the karst cavity) funnel with liquid, it is physically possible to assume the
possibility of realizing various types of motion that can correspond to the following typologically different
patterns:

1. Laminar flow, which can occur only in the case of a weak funnel load in the event that the flow of water
through the funnel is constant. The movement of water in the direction of the neck of the tapering funnel
occurs in the field of gravity. Therefore, laminar flow can theoretically be resistant to small perturbations
only when the pressure gradient is constant between the base of the funnel and its neck. Otherwise, the layer
structure of the flow will be violated, i.e. there will be the possibility of water turbulence. Such a
transformation of the flow structure does not at all mean that the boundary layer on the inner surface of the
funnel must completely disappear. For example, the boundary layer can simply detach from the surface.
However, in this case, you should expect a decrease in water flow in the funnel, which can change the degree
of its load.

2. Mixed forward-rotational motion, which occurs when the load of the funnel increases. Such a movement
primarily means an increase in the transverse pressure gradients in the funnel. Along with the increase in the
volume of water entering the funnel, the violation of the laminar flow structure may be caused to some
extent by the roughness of the surface of the funnel. In the case of a karstic cavity, as an impulse giving rise
to a disturbance of the flow, it may be, for example, a mechanical collapse or the ingress of large stones that
are carried by the flow of water into the cavity. However, the most probable reason for the appearance of
rotational motion in a karstic funnel is the detachment of the viscous boundary layer from its internal surface.
Theoretically, this phenomenon can be considered the beginning of the emergence of turbulent water
movement, when large-scale eddies begin to appear in it. In the karst funnel, the characteristic dimensions of
these vortices must be commensurate with the geometric parameters of the cavity. In the process of
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intensification of turbulent motion in the funnel, one cannot exclude the decrease of the longitudinal pressure
gradient, and, consequently, the flow of water.

3. Fully developed rotational movement, periodically occurs in the funnel at its maximum load, which is
physically real only for a small volume funnel. In this case, it cannot be said that for some time the
longitudinal flow, which determines the flow of water, can be weakened or even completely stopped in the
funnel. However, this hydrodynamic effect does not mean that pressure gradients can completely disappear,
because rotational movement in the funnel will continue. A similar phenomenon sometimes occurs in the
economic funnel, which is tightly seated in the neck of the bottle with an incompletely filled liquid. The
effect of "locking" the funnel is facilitated by the leveling of the longitudinal pressure arising in the field of
gravity due to the increased pressure of compressed air from the side of the bottle (the so-called air cork). In
this case, to continue the process of filling the bottle, it is necessary to raise the funnel, i.e. eliminate the air
plug. Obviously, "locking" the karst cavity can be an extremely rare short-term phenomenon, probably
arising in a funnel connected to an underground water reservoir.

A qualitative picture of washing out the karst cavity

Reducing the flow of water in the karst funnel, up to its "locking", can contribute to those factors
that are able to level the longitudinal pressure gradient. The effect of these factors causes the turbulence of
water, as a result of which large-scale eddies appear, which, over time, are fractured into smaller-scale
vortices. If the fragmentation of the vortices is slower than their generation, the intensity of the large-scale
rotational motion in the funnel increases for a time, which can contribute to an increase in the thickness of
the viscous boundary layer on the inner surface of the funnel. At the same time, it cannot be said that the
boundary layer can completely fill some part of the funnel in the direction of its narrowing and, thus, so slow
down the flow in order to substantially reduce the water flow. Obviously, the probability of such an effect
can be quite high in only a karstic cavity of a small volume. In this case, an unstable flow can arise, which
can be typologically represented as an alternation of the states of "opening” and "locking™ the funnel. As
mentioned above, this situation can arise only if the karst cavity is connected to an underground water
reservoir.

The pulsating character of motion, in comparison with laminar flow, can significantly enhance the
viscous interaction between solid rock and water and, thus, depend on the efficiency of washing out of the
inner surface of the karst. To substantiate this assumption, let us consider a qualitative model that can be
supported by guantitative estimates. It is known that the cause of the appearance of a viscous boundary layer
is the effect of adherence of liquid particles to a solid surface. From a mechanical point of view, this means
that the tangential stress between the water layers is insufficient to overcome the surface friction force that
appears on the streamlined surface. According to Hooke's law, the shear stress is proportional to the shear
strain rate [7,8]

T = Gy. (2
su

In liquids, the shear stress:t = u (@), where u- is the dynamic viscosity coefficient, u - is the longitudinal

velocity, y the coordinate is the perpendicular to surface, G is the shear modulus, y is the coefficient whose
value for the liquid can be taken equal to unity .

It is obvious that the magnitude of the tangential stress depends on the steepness of the profile of the
velocity distribution of the fluid in the boundary layer. Flourishing (2) determines the stability threshold of
static equilibrium in a fluid. Otherwise, if the magnitude of the tangential stress exceeds a certain limit
determined by the shear modulus, the laminar flow structure must change. Therefore, water turbulence will
begin, as a result of which a viscous boundary layer can come off a solid surface. Consequently, the
magnitude of the shear stress is an indicator that determines the moment when the laminar flow regime
changes to turbulent. To estimate the magnitude of the tangential stress between the layers of water, one
must determine its flow velocity. Strictly speaking, for this it is necessary to solve the boundary layer

equation with boundary conditions corresponding to a particular flow problem, which is even an analytically
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insoluble problem even for a stationary flow. However, in some problems, the physical consequences of
which do not require particularly accurate quantitative evidence, one can take advantage of the possibility of
rough estimates. However, these estimates must necessarily follow from a qualitatively correct model. For
the problem of analyzing the action of the hydrodynamic mechanism contributing to the occurrence of karst
voids, in our opinion, this possibility is quite possible. This statement is based on the physical visibility of
the model we use. This facilitates the analysis of qualitative conclusions from the model, without which it is
impossible to judge the reliability of quantitative estimates. The simplicity of our model is primarily due to
the ability to determine the hydrodynamic parameters without a rigorous analytical solution, which is
achieved by the way of using the method of physical analogy, which allows using previously known
analytical results. In particular, in order to estimate the magnitude of the tangential stress from formula (1),
&y can be replaced by a finite linear scale of velocity variation, i.e. Thickness of the boundary layer 6, . In
addition, because the motion in the funnel is due to the action of gravity, at any level of the karst cavity du
can be regarded as the magnitude of the free fall speed. Moreover, for rough estimates, the average values of
these parameters can be quite sufficient: &, and u.

Thus, within the framework of our model it is possible to remain within the limits of statics, i.e. there
is no need to solve the equation of water motion. For example, knowing the characteristic value of the
velocity, it is easy to estimate the magnitude not only of the component of the tangential stress (2), but also
other components of the stress tensor. In a cylindrical coordinate system, these components are determined

by the expressions [7, 8]
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Where u,, u, and u, are the velocity components, the coefficient of dynamic viscosity of water.

Without a special assumption, we can assume that the magnitude of any component of the flow
velocity outside the boundary layer depends on the rate of free fall. At the same time, proceeding from the
very essence of the definition of the boundary layer, its thickness should be much smaller than the radius of
the funnel section, at least at a certain distance from its base. However, such an assertion may turn out to be
incorrect due to the narrowing of the funnel near its nose, where the boundary layer can completely occupy
its cross section. In addition, it is obvious that the dependence of the velocity on the azimuth angle ¢ can be
significant only in the case of an inhomogeneous vorticity, the intensity of which must increase in proportion
to the decrease in the cross-sectional area of the funnel. In this case, it is quite right to assume that the value
of the component t,., is significantly higher than the values of the other components of the stress tensor.
Therefore, their influence on the process of washing out solid rock in the boundary layer can be considered
unimportant. This means that the viscous interaction is mainly due to the rotational motion of the liquid in
the plane of the cross-section of the funnel. In the general case, this rotation will be unstable because of its
non-uniform nature. Consequently, the non-stationary picture of the movement of water through the funnel is
represented as a sequence of decaying from large to small vortices. It can be obtained by means of the
kinematic velocity model, used, for example, in the work to simulate the inhomogeneous rotational motion
of an ionospheric plasma in an incompressible approximation [9]

Uy = U —R;_r (cos @ — sin @),
0
U= u~="(cos @ + sin @), (4)
2R,
Uz=u,

Where 0 < r < R is the radius of the cross-section of the approximation cone, and u is the characteristic
velocity.

If the vertical velocity is assumed constant, then it is obvious that the remaining components (4)
satisfy the plane equation of continuity
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100Vy | 10V _
r or rdp 0, (5)
which is one of the conditions for the dynamic possibility of motion along the model (4). Such a case will
correspond to a qualitative typological picture, the evolution of which should lead to the formation of a chain
of vortices whose linear scale will gradually decrease during the movement of water in the karst funnel (Fig.
3)
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Fig. 3

To quantify the intensity of the leaching process in a karst funnel, as the main linear scale of the
inhomogeneity, one can use the characteristic thickness of the viscous boundary layer in the middle of the
funnel. To estimate it numerically by expression (1), we use the model cone with the following parameters:
L =10m, R = 1m (radius of cone base), sina =~ 0.1, M = 0.5, Ry = 0.5. The coefficient of kinematic
viscosity of water: va 1.3x107°m?s~1. The free-fall speed at the selected cross-section level, which is
related to the pressure drop:

1
2

us= (?) =10ms~1.

We shall regard this quantity as the average characteristic for the entire cone. As a result of substituting
formula (1) for all the numerical parameters, we get that the characteristic thickness of the viscous boundary
layer is &, ~ 1073m. It should be noted that this quantity is of the same order of magnitude, for example,
for the thickness of the boundary layer at Horizontal flat plate. The validity of such a statement is obvious
and the principle of hydrodynamic similarity operates.

To observe it, we must determine the dimensionless Reynolds number corresponding to our model
cone: Rex t—R ~ 8x10°. It is known that in the case of a flow past a flat plate, the thickness of the boundary
layer depends on the square root of the Reynolds number in accordance with the inverse proportionality law
[7,8]. Consequently, for Re ~ 8x10°, the boundary layer on a flat plate, like the thickness on the inner
surface of the model cone, will have a characteristic thickness commensurate with 10~3m.
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Thus, if we take into account some structural monotony of karst craters, which arise only because of
the washing out of different hard rocks, it can be assumed that the characteristic value of the thickness of the
viscous boundary layer on the inner surface of almost any karstic funnel should be within one millimeter.
The model we used also quite clearly represents the mechanical result of the tangential stress effect between
a solid rock and water. Obviously, to effectively wash out the shear stress on the inner surface of the karst
cavity must repeatedly exceed the magnitude of the water shear modulus, which serves as a criterion for
static equilibrium between layers of a laminar viscous fluid. Within the framework of our model, when the
parameters are: u = 10"3kgm™1s™!, u=10ms™! and &, ~ 1073, the characteristic value of the
tangential stress: T = 10 Nm™~2. Obviously, in comparison with the given value, the water shear modulus is
negligibly small: G = 1,3x10™°Nm™2 [10]. Hence it obviously follows that the boundary layer must be
detached from the inner surface of the karst cavity. Also, there is no doubt that the movement of water in the
karst cavity with its significant load, i.e. in the case of a sufficiently intense runoff, cannot be laminar.

Therefore, it is the effect of the separation of the boundary layer, which is the cornerstone of our
model. Its main goal is to determine the characteristic time scale of the change in the volume of the karst
cavity due to the washout effect, i.e. in the assessment of the rate of removal of solid rock from the karstic
cavity. It is known that the washout effect usually occurs in a very thin layer, the thickness of which is
commensurable or slightly larger than the molecular size (~10~%m). The elution coefficient for most of the
terrestrial rocks varies in a characteristic range: /107> — 1073/ kg liter~* [4,5]. According to our
assumption, the process of elution must occur in the volume of the hydrodynamic boundary layer. The
washout intensity can increase many-fold due to the rotational motion of the liquid and due to the separation

of the boundary layer. The time scales of the elution time depend on the specific conditions. However, using
the expression for the volume of the boundary layer

Vs, = nRL&,, (6)

we can approximately estimate the characteristic value of the rate of washout of solid rock from the karstic
cavity.

Conclusion

The volume of the model cone used above approximates the karst cavity: V~ %nRzL ~ 10m3. The

volume of the boundary layer on the inner surface of the model cone is Vs~ 0.03 m3. Consequently, the
mass of the solid rock washed from the boundary layer in the case of the full cone load in the case of zero
water flow can be mg =~ 3/10~* —1072/ kg. The rate of removal of solid rock from the Karstic cavity
depends on the flow of water, which can vary depending on the flow regime. However, we can talk about
some average characteristic, if we assume, for example, that the water movement is laminar (minimum
washout mode) and the water flow rate is Q = 3 liter/s . In this case, through the neck of the cone-shaped
funnel within an hour, it can pass v = 10m?3 volume of water, which corresponds to: m ~ /10~1 — 10/ kg
mass of solid rock. If this process continues, for example, 100 days, then the maximum mass of washed solid
rock can be 24 tons. Consequently, the volume of the cone approximating the karst cavity can increase
by Vo ~ 10 — 12m3, i.e. approximately twice. However, it should be noted that the value of the rate of
karst leaching used for numerical evaluation is very approximate. It was obtained in the linear
approximation. Despite such a shortcoming, which is a consequence of a rather crude physical analogy, it
nevertheless seems that with the help of the model we have used, it is possible to obtain more accurate
guantitative estimates. In particular, in order to increase the reliability of the results, it is necessary to use
integral relations, in which the effect of nonlinear increase in the washout rate, which varies with the growth
of the volume of the karst cavity, should be reflected.
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FI/II[pOlII/lHaMl/I‘IeCKaH MOA€/Ib Oﬁpa3OBaHHﬂ KapCTOBbIX IIYCTOT

3.A. Kepeceannze, JI.T. Onninasanze, M.C. UxuryHuase

Pe3rome

dusnueckoe MOJEIHPOBAHUE NWHAMUYECKON KapTHHBI Pa3BUTHS KapcTa NpecienyeT pas3iudyHble e,
CpeAM KOTOPBIX, B YaCTHOCTH, SABJSIETCS OLCHKA XapaKTEPHOTO BPEMEHHOI'o MaciTaba ux oOpa3oBaHUs.
OueBuaHO, YTO 3Ta 3a4aya SBJSIETCS JOCTATOYHO CIIOKHON M3-32 MHOroOpasus mpolecca KapCTpUPOBaHUs,
MPOTEKAIOMIETO TPAKTHYECKH IOBCEMECTHO, KaK C OOMIMMH XapakTepUCTUKAMH, TaK M  MECTHBIMH
ocoOeHHOCTAMU. KapcToBbIe MyCTOTBI MOTYT MMETh CaMmble pa3ivyHble (OPMBI, YacTb KOTOPHIX HUMEET
HEKOTOPYIO PETYISPHOCTh W3-3a MOJOOWS C OIPENeICHHOW reoMeTphdeckoi ¢urypoit. Hampumep, mms
KapcTa JOCTaTOYHO paclpoCTPaHEHHOW SIBISETCS  BOPOHKOOOpasHas (opma C OCHOBOM Ha 3EMHOM
MOBEPXHOCTH. DPPEKTUBHOCTh JeHCTBUS (aKTOpa BBHIMBIBAHHMS HAXOAHMTCS B MPSIMON 3aBUCHMOCTH OT
T'€0JIOTUUECKUX KayecTB CpeAbl M JUIMTEJBHOCTH JeiictBusi Bonel. llpeacraBmsercs, d9ro mis
MOATBEPXKACHHST OIHOOOpa3usi MeXaHU3Ma, JCUCTBIE KOTOPOTO MPUBOJMT K BEIMBIBAHUIO TBEPIOH TOPO/BI,
MOKHO OOpaTHTBCSI K TPHUOIMKEHHIO THUAPOJMHAMHYECKOTO IOTPAHUYHOTO CIIOS, BO3HUKAIOIIETO MpU
00TEeKaHUH TBEPJOH NOBEPXHOCTH.

CKopocTh BBIHOCA TBEPAOW MOPOJBI U3 KaPCTOBOW MOJIOCTH 3aBHCHT OT PacXxoAa BOABI, KOTOPBIA MOXKET
MEHATCS B 3aBHCHUMOCTH OT pexuma TedeHus. OIHAKO, MOXHO TOBOPHUTh O HEKOTOPOH cpeaHeit
XapaKTEePUCTUKE, €CIIN MPENIOI0KNUTh, HAIPUMED, YTO JBIKEHHE BOJBI SIBISETCS JTAMUHAPHBIM.
Heo0xon1umMo OTMETUTH, YTO WCIIOJIb30BaHHAS [JIsl YMCICHHOW OLEHKH BEJIMYMHA CKOPOCTH BBIMBIBAHHS
KapcTa sIBISIETCSl  BechbMa MPHONM3UTENBHOH. TeM He MeHee MNpE/CTaBIsSeTcs, 4YTO IMPH TOMOIIH
WCIIOJIb30BaHHON HAMH MOJIETH MOXKHO MOIY4UTh O0JIee TOUHBIE KOIMYECTBEHHBIE OLIEHKH.
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