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ABSTRACT

In the paper there are discussed Gaussian fields Statistical Structures {E,S, w,, he H} in Banach Space

of measures, we prove necessary and sufficient conditions for existence of such criterion in Banach space of
measures.
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Let there is given (E,S) measurable space and on this space there given {uh, he H} family of
probabilitg measures defined on S, The H set of hypotheses. Thy following definitions are taken from thy
works ([1]-[5]).

Definition 1. A statistical structure is is called object {E,S,uh, he H}

Definition 2. A statistical structure {E,S,u,, h € H} is called orthogonal (singular) (O) if thy family of
probability measures {uh, he H} are pairwise singular measures.

For {ph, he H} be probability measures defined on thy measurable space (E,S). For each h € H denote
by ﬁh thy completion of thy measure p, and denote by dom(ﬁh) thy o -algebra of all ﬁh-measurable
subsets of E.

Let S, ﬂdom(ﬁh).

heH
Definition 3. A statistical structure {E,Sl,;Lh, he H} is called strongly separable if there exists
thy family of S, - measures sets {Zh, he H} such that the relations are fulfilled:
1) n,(Z,)=1 VheH;
2) Z,, ﬂth = VheH;
3 |Jz,=E
heH
Definition 4. We consider the concept of the hypothesis as any assumption that determines the form of the

distribution of the population.
Let H be set of hypotheses and B(H) be o -algebra of subsets of H which contains all finite subsets of H.

Definition 5. We will say that the statistical structure {E,S W, , he H}admits a consistent criterion
(CC) for testing hypothesis if there exists at least one measurable mapping
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5:(E,S)— (H,B(H)),

Such that

w,({x:8(x)=h})=1, vheH.

Remark 1. The notion and corresponding construction of consistent criterion for testing hypotheses was
introduced and sudid by Z.Zerakidze (see [5]).

Let M*® be real linear space of all alternating finite measures on S.
Definition 6. A linear subset Mg < M°  is called a Banach space of measures if:
1) A norm can be defined on Mg so that Mg will be a Banach space with respect to this norm and

for are orthogonal measures p,veM; and real number A =0 the enequality

|+ 2v]| = || is fulfielled;
2) If neMy, [f(X[<1 then v, (A)= j fFOOu(Ax) e Mg and  [v,] =] ;
A

) If v, eMg, v,20,v, (E)<+0, n=12,... and v, 40  then for any linear
functional I"e Mg limI"(v,) =0, where M} conjugate to My linear space.

Remark 2. The definition and construction of the Banach Space of measures is studied Z.Zerakidze (see

[4]).

Defination 7. Let H some set if indexes and M Banach space VheH . We set

{{Xh}heH’Xh h Mg, <OO}'
heH

B,
Then the Mg with norm ||{Xh }heH

=D |Xun],,. <o isthe Banach spase. It is tceeled the direct sum
Bh

heH

of Banach spaces Mg anddenoted so w, - e m,

The following theorem has also been proved in the paper (see [4]).
Theorem 1. Let Mg be a Banach space of measures, then in Mg there exists a family of pairwise

orthogonal probability measures {uh,h € H} such that wm, - oM, where w, is Banach space of

elements v of the norm:

v(B) = [f(x)u, (%), BeS, [[f(,(dx) <, My, = [[F OOl ()

Let tz(tl,tz, ..... ,tn)eT, where T be closed boundet subset of R", &, (t,®), teT, VheH
Gaussian real homogenous field on T with rero means E[, (t,)]=0, YheH, and correlation function
E[E, (t,0),&,(S,0) ]=R, (t-S), t,.SeT,heH..

Let {uh, he H} be the corresponding probability measures given on S and

f.(A),A eR", Vh e H be spectral densities.
We be called the Fourier transformation generation Fouer transformation. Let

J'J' ‘bh v (A, H)‘

£, (W)F, (W)

generallzatlon Fouer transformation of the following function
b, (1) =R, (s,1)-R,(s,1), s,teT, vh,h' e H.

didp = +o0, WVh,h'eH, where b, (A, p), A,peR", Vh,h' e Hthe
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Then the corresponding probability measures p, and p,  are pairwise orthogonal Vh,h'eH
(see [6]) and {E,S, u,, he H} are Gaussian orthogonal homogeneous fields statistical structures. Next,

we consides S —measurable g, (x), VheH, functions such that

z'ﬂgh (X)|Hh (dx) <+

heH g

Let Mg the set measures defined by formula  v(B) = Zﬂgh (X)|u, (dX) , where 1, < H

hel, B

a countable subsets in H and Z_th (X)|},th (dx) < oo, define a norm on Mg by formula
hel, E

M= Zﬂgh (X)|u, (dX) , then Me is a Banach space of Measuresand M = @ Mg, , where Mg s

hel, E

Banach space of elements the norm v(B) = J.g(x)uh(dx), BeS, J|gh(x)|uh(dx) < oo,
B E

with the norm on Mg , |[v

e, = J 18 00l (6)

Let E is the complete separable metric space and S, = ﬂdom(ﬁh) the Borel o -algebrain E
heH

andcard H<LC .
Then the following theorem holds:
Theorem 2. In order that the orthogonal Homogeneous Gaussian Fields statistical structure

{E,Sl,;lh, he H} ,card H<C admits a consistent criterion for testing hypothesis in the theory
(ZFC)&(MA) it is necessary and sufficient that the correspondence f — 1, defined by the equality

J.|gh(x)|;th(dx) =1, (u,) is one-to-one. Here I is a linear continuous functional on Mg, f € F(M;)
E

Denote by ~ F=F(Mg) the set or real functions f for which jf(x)ﬁh(dx) is defined vﬁhe Mg
E

Prof Necessity. The existence of a constituent criterion for testing hypothesis &:(E,S;) — (H, B(H))
Impliesthat (Vh)(h e H >, ({x:8(x) =h}) =1
Setting X, ={X:8(X)=h} for YheH , we get:
1) 1y (X,) =1, ({X:8() =h}) =1,vh e H
2) x,Nx, =9, Yh=h', h=h', hyh"eH; because X, =({x:8(x)=h})N({x:6(x)=h}) =T

3) Ux, ={x:8(x) eH}=E

heH
Therefore a statistical structure {E,S, ;Lh, he H} is strongly separable, so there exist S, - measurable sets
{X,}, vh € H such that
- 1 ifh=h'
X )=
Ha (X {Qifhiw

We put the linear contiuous functional 1, into the correspondence to a function I, (X) € F(Mg)

Xh

Mg,

by the formula: I L, (X)n, (dx) =1, (1) = Hﬁh
E
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We put the linear continuous functional 1. into the correspondence to a function  f1(x) =f,(x)I, (X).
fi

Then for ;Lh, = MB(ﬁh)

J#100m () = £1001,, (pay (6) =] FOOF1 0, Pty (@) o) = [y

MBh
Let Z be the collection of extensions of functional satisfying the condition I, <p(x) on those

supspaces where they are defined.
Let us intraduce on z a partial ordering having assumed Ifl < If2 if Ifz is defined on large set

then I, and I =1 there where both of them are defined.

Let {Ifh }heH be a linear ordered subset in ) . Let M, be the subspace on wich I, is defined.

Define I, on | JM, having assumed I ()<l (n) if peM, .
heH

It is obvious, that Ifh <, . Since any linearly ordered subset in Z has an upper bound by vintue
of Chorn’s lemma Z contains a maximal element ) defined on some set x’' satisfying the condition

Mx)<p(x) for xeX’'. But X'must coincide with the entire space Mg because otherwise. We could

extended ) to a wider space by adding as above one more dimension. This contradicts the maximality of A
hence X’'=M,. Therefore the extension of the functional is defined everywhere. The extension of the

functional is defined everywhere.
It we put the linear continuous functional |, into correspondence to the function

F(X) = >0, ()1, () € F(Mg) then obtain [ 1 (x)u, (dx) :H;H = ZHﬁhHM , where

n(B)=> [0, (), (dx), BeS.

heH B
From this discussion it follows that the above-indicated correspondence puts some function
f € F(My) into correspondence to each  y, € My if we identify in F(Mg) the functions coinciding

with respect to the measure }jlh'h e H , then this correspondence will be bijective.

The necessity is proved.
Sufficiency. For  f e F(Mg)  we define linear continuous functional by the equality

[F0m(x) =1 ().

Denote |, acountable subsetin H for wich If(x)ﬁh(dx) =0 for hel,
E

Let us consider functional |, on My to which corresponds.

Then for ﬁhl,ﬁhl € Mg have
j Fir (g, (0) =g () = j f1(X) F2(X)p,, (dX) = j fr, (X, (dx) therefore f, =1, with respect
E E E

measure ﬁhl. Let f, >0 a.e. wich Respect tothe measure ;Lh and jfh(x)ﬁh(dx) <00,
E

1y (€) = [ £, ()1, (dx), then
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[0 (Omy @) =15, (uy) =0 Yh=h

Denote C, ={x:f,(x) >0}, then Ifh (x) p_th, (dx)=0 Vh=h"
E

Heuce it follows that 1, (C,) =0, vh=h'. Onthe other hand p, (E—C,)=0, therefore
the statistical structure {E,Sl,]?h, he H} is weakly separable. We represent {u_h he H}, CardH<C
as an inductive sequence {;_xhh <m,},where @, denotes the firstordinal number of the power of the
set H.

Since the statistical structure {E,Sl,pTh, he H} is weakly separable, there exists the family of
S,- measurable sets {X,, h e H}  such that for all
h [0, m,] we have:

=yl ifh=h
ol /=10 it heh

We define ®, sequence of parts of the space Z, such that the following relations hold:

1) Z, is borel subset of E for all h<a, ;

2) Znc Xy forall h<o, ;

3) Z,NZ,= foral h<w, ,h, h'<e, , h=h";

4)  p,(Z,)=1 forall h<=o, .
Suppose that ZhO =Xh0. Suppose further that the partial sequence {Zh’}m is already defined for h
h<o,.

It is clear that p’(U Z,)=0 (see [3] ). Thus there exists a Borel subset Yn of the space E such that
h'<h

the following relations valid: UZh, cY, and p(Y,)=0

h'<h

Assuming that Z, =X, —Yh, we construct the ®; sequence {Zh}hm1 of disjunctive measurable subsets

of the space E. Therefore pi, (Z,)=1,'h <@, and the statistical structure {E,Sl,u_h, he H} , CardH<C

is strongly separable because there exists a family of elements of the ¢ - algebra S = ﬂdom(ﬁh)
heH

such that:
1) p,(Z)=1 VheH;
2) Z,NZ,=D VYhh hzh'eH;
3 |Jz,=E

heH
For xeE,weput &(x)=h,whore h is the unique hypothesis from the set H for which xeZ. The
existence of such a unique hypothesis H can be proved using conditions 2), 3).
Nowlet Y eB(H) . Then {x:5(x)eY}=[]JZ,.

heH
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We must show that {X:0(x) e Y}e dom(ﬁho) foreach If h, e Y, then
On the one hand, from the validity of conditions 1), 2), 3) it follows that

Z, €S, = (dom(u,) cdom(u, )

heH

On the other hand, the validity of the condition UZh c(E-2,)
heY—{ho}

Implies that

P_lho( Uzh):()

heY—{hy}

The last equality yields that | JZ, e dom(u,,).

heY

Since dom(ﬁho) is o -algebra, we deduce that {X:3(X) € Y} =(Z,_ )U( UZh) € dom(;tho)

heY—{h,}

If hyeY ,then
x:89evn =z, c(E-2,)

heY

and we conclude that ;lho({X :0(X)eY}H =0 .
The last relation implies that {X:3(X) € Y}) € dom(;tho)

Thus we have shown the validaty of the relation {X:3(X) € Y}) € dom(ﬁho) for an arbitrary ho € H.
Heuce {x:3(x)e Y}e[(dom(n,))=S,

heH

We have shown that the nap: &:(E,S,) — (H,B(H))

Is measurable map and we ascertain that ;lh {x:0(x)=h}) = ;_xh (Z,)=1, VYheH.

Theorem is proved.
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IMocnenoBaTe/IbHBIA KPUTEPUH I CTATUCTUHYECCKUX CTPYKTYP
oaHOpoaHbIX I'ayccoBbIX moJiei

3. 3epakuaze, 1. Kupus, T. Kupus, U. Jlonaaze
Pe3rome

B crarpe 00CyX)IaloTcsl CTaTUCTUUECKUE CTPYKTYphI ['ayccoBckux moineii B baHaxoBoM mpocTpaHCTBE Mep,
JIOKa3bIBAIOTCS HEOOXOIUMBIE W JOCTATOYHBIE YCIIOBHSI CYIIECTBOBAHHS TAaKOTO KpUTepHs B baHaxoBoM
MPOCTPAHCTBE MEP.
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