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Abstract

The work touches the flat model of the magnetic boundary layer corresponding to the
meridional section of the magnetosphere. It solves the single-component equation of the magnetic
induction, which matches so-called Zhigulevs’s first order the magnetic boundary layer, in which
field of speed is given by the modified Gratton's kinematic model for the compressible solar wind.
The work also describes the obtained exact numerical solution to the above mentioned equation
and approximate analysis solution by the Wentzel-Kramers-Brillouin (WKB) method. The
boundary conditions correspond to the area containing critical points at the dayside and night side
of the magnetosphere, i.e. in the plasmasphere. It defines the error (% 1%4] of the WKB method
and the linear size of the use area(1-0,6) of this method. It assesses the compressibility effect of the
solar wind, which must be influencing on the topological image of the magnetic field distribution
in the magnetopause and the area alongside the plasmapause.

During the interaction of the solar wind and the geomagnetic field a special structure is
formed. It is the magnetopause, which by its features resembles the boundary layer. The
mathematical modeling of this formation must be done on the basis of magneto-hydrodynamic
(MHD) equations. Namely, as a result of their simplification so called Zhigulev’s equations for the
magnetosheath of [ and II order are received. These equations appeared to correspond to the main
sections of the Earth’s magnetosphere: I order system corresponds to the meridional section of the
magnetosphere, and II order system — to the equatorial one. The main problem for the
magnetopause modeling is self-consistency of the solar wind flow and the geomagnetic field that
appeared impossible for a general case. In order to prevent this problem we used different
kinematic models of the velocity field. In the gasodynamic approximation these models give an
image of the cosmic plasma flow near the critical point of the magnetosphere [1-3]. The most
popular among these models appeared the Parker kinematic model and its modifications, by means
of which the main parameters of the magnetopause were analytically obtained: thickness and
profiles of the magnetic field [4]. The advantage of these solutions is the physical obviousness,
though they have a significant lack: the defects of analytical solution are mainly caused by two
factors:

1. errors of the approximation analysis methods (e.g. the Shwets method),
1. shortage of measures in the use area of the Parker kinematic model (the focal area
containing the critical point).

Therefore the work [5] described the flat modification of so called Gratton kinematic
model. This method obviously more matches the solar wind flow in the central area of the
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magnetosheath, which is in fact a maximum size focal area. Hereby, let us note that, apart the day
side of the magnetosphere, the Gratton model is admissible for the night side (the magnetosphere
tail) as well. Namely, according to the topology of the geomagnetic field force lines, there is a
critical point at the night side of the plasmasphere. Consequently, there is a focal area, which is
formed during convective motion directed from the neutral layer to the sun. Such special cases are
recorded by scientific satellites during strong perturbations of the solar wind when reconnection of
the geomagnetic field bounding the plasmic layer takes place in the magnetosphere tail [6].

The goal of the work is determination of topological image of the geomagnetic field
distribution in the meridional section and assessment of the errors of the approximation analysis
solution of the magnetic field induction equation in case we use Gratton’s flat compressible
kinematic model. This task has a practical value in the viewpoint of modeling of the magnetopause
immediately as well as for the assessment of the meridional magnetopause parameter errors
obtained by the second order magnetic boundary layer equation. This error is caused by the Parker
kinematic model and the Shwets sequence approximation model, precision of which was assessed
earlier in regard to several accurate solutions and is approximately 15-20% [7]. At the same time,
below, within the framework of our task, we have assessed the error of the Wentzel-Kramers-
Brillouin (WKB) method. It is known that this method is especially effective for the solution of
second order differential equations with varying coefficients of the following type:

¥4 Fy + gty =0, (1)

In the case of just some coefficients it is impossible to obtain an exact solution for (1)
equation. This fact is a limitation for the physical task. Namely, we have such a situation in the
case of meridional magnetopause modeling, which is quite observable if we use the Gratton model:
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where Uy is a velocity characteristic of the solar wind, v - magnetic viscosity, &, - a reverse value
of the linear scale. Here a coordinate system with its origin in the critical point is used: X axis is
either directed toward the sun (in the case of the day side of the magnetosphere) or opposite to the
sun (at the night side of the magnetosphere); Y axis determines the direction of the extreme line of
the geomagnetic field. In regard to Z axis the model is homogenous as the compressibility of the
solar wind plasma is postulated. From the continuity equation we will receive
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where a notation ¢ = g™ is used.

If we disregard the curvature of the geomagnetic field it will be sufficient to look at the
equation of the single-component magnetic field induction, which corresponds to the meridional
magnetic boundary layer:
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It is quite obvious that (4) equation does not change during the variation in the magnetic
field force line direction. This means that the equation really corresponds to the day side as well as

o
the night side of the magnetosphere. If we refer to a new variable: ¢ m 9"‘.;“ and take into account
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that i ] %‘-:; (= -F‘-}—HL "if_‘ 3 I:d;:L —t - #—:-'-:} by simple transformations we will
recelve the equation of (1) equatlon type
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The exact numerical solution to the equation requires boundary conditions, which are
similar to each other in the cases of both the magnetopause and the plasmasphere of the
magnetosphere night side

H=Hy, whent=1,  Zrmg, (©)

where [y is the value characteristic of the geomagnetic field at the lower boundary of the
magnetopause or the night side of the plasmapause. The second criterion of (6) equation physically
means that there is disregard of the surface magnetospheric DCF- current effect, which always
exists in the magnetopause, whereas is absent in the plasmapause. This limitation is not significant
for our task as it is always possible to indirectly take into consideration the magnetic effect of the
DCEF- current in the way of varying the value characteristic of the geomagnetic field.

As we have mentioned above (5) equation may be solved also by the WKB approximation
analysis method. By the scheme of WKB the equation (5) gives the following equation:

V"+h(tlV =0, (7)

V' is connected with &, and h(t) coefficient is determined by means of the coefficients of (5)
equation [8]. Namely, in our case f(t) = %— l

For the solution, according to the WKB method, let us have V = ¢®Y) notation.
Consequently, we will receive a nonlinear equation as follows:

(@'Y +i®"+h=0. ®)

In the first approximation, i.e. when the number with an imaginative coefficient is
disregarded, from (8) equation we will receive

o' =+, ie. ®=x[Vhdt . ©)

It is natural that such a supposition is correct only in the case the following condition is
fulfilled:

@'~ — = << h. (10)

\/_

If we use the expression Hh(t) -%—-:- it will be quite obvious that condition

(%El L4 ] ) is roughly satisfied only in this interval £ € (1 =10,8), and not in the whole interval
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(1-0). The approximation next to @ is searched by the iteration, for which in (8) equation let us
1 '

suppose that ®" ~ +h 2 EX In this case we will have
(@) ~h+ il (11),
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from which o'~ efn+ L (12),
4 h
ie. there is o(r)~ +[ h(e)ar +i€nh(t), (13),
from which Vo~ #{c Ay e ”"’}. (14)
n L

If we correspond (5) equation to (1) general equation we receive that F = 1. Consequently,

according to the WKB method &, = Vitle . Thus, for the magnetic field we have the following

general expression

By, % e Mg Cae "Y' AT e T . (15)

o]
The constants €. and C_ are determined by two algebraic equations that are received by the

boundary conditions (6). Finally, we have

£ ¥ =34086 -+ O.2896],
€% =E54086 - 0.2896L (16)
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Fig.1 shows the algebraic normalized solution of (5) equation (line.l1), the curve
corresponding to (15) expression (line.2) and the numerical solution to the same equation in the
case of non-compressible medium (£=0) (line.3). It is obvious that between the exact numerical
solution and the approximate analysis solution there is quite a good consistency in the some
interval of ¢ & (1=%,6) (x€ (@) This means that if we refer to the initial coordinate
system the exact and approximate solutions give in fact identical results of the magnetic field
distribution near the critical point. The difference between (1) and (2) these solutions becomes
significant after the point, from which the criterion (10) is not fulfilled § = @.&. Its position in

space is determined by parameter 113, the value of which depends on the quality of the solar wind
perturbation.

Conclusion

Thus, we may conclude that within the framework of our task the error of the WKB method
does not exceed 1%, which is quite acceptable for the approximate analysis method. At the same
time, it is noteworthy that according to our model the compressibility effect must by quite
significantly influencing on the topological image of the magnetic field distribution.

This project was carried out with support of the Shota Rustaveli National Science Foundation grant
(contract Ne 12/70 ).
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Ounenka omnoxu Meroga WKB ¢ moMounio KuHeMaTHYeCKHOW MOJeIH
I'paTona nJis 3a1a4 MATHUTHOTO MIOTPAHUYHOTO CJI051 3eMJIH

M. Uxurynunse, . Xsegeanaze, H. I:konmxonanze
Pe3rome

B manHoi#l pabote paccmMoTpeHa IUIOCKas MOJENb MAarHUTHOTO MOTPAHUYHOTO CJOS 3eMIIH,
KOoTopast COOTBETCTBYET MEPUIUOHAIBHOMY CEUEHUIO MarHuToc(epsl. Pemeno
OJTHOKOMIIOHEHTHOE YPaBHEHHE MarHUTHOW MHIYKIIMU, COOTBETCTBYIOIee ypaBHEHHIO | mepBoro
poza JKuryneBa MarHUTHOTO IIOTPAHUYHOIO €O 3eMJIM, B KOTOPOM IIOJIe CKOPOCTeH NaHO
MoaubGUIIMPOBaHHON MOJENbI0 ['paToHa ana cxxumaeMoro conaHeuHoro Berpa. Ilomydeno
TOYHOE YHCIIEHHOE pEeIIEHHE 3TOTO YpaBHEHHUS M NPUONMKEHHOE AaHATUTHUYECKOE pelIeHue
metonioM  Bentnen-Kpamep-bpuneena. ['panuuHbie  yClIOBHS ~ COOTBETCTBYIOT — 00ONacTH,
coZiep)Kalield KpUTHYECKOM TOYKEe Ha JHEBHOM M HOYHOW CTOPOHAX MAarHUTOC(Ephl, TO €CTb
Ha mia3mocdepe. Onpenenensl ommbka meroqa BKB (¥ 1 %) u nuHeiinslii pasmep oOmactu
WCTONB30BaHUs 3TOT0 MeTona. OueHeH 3(PQGEKT CKUMAEMOCTH COJTHEYHOTO BETpa, KOTOPHIH

CYHICCTBCHO JOJDKCH BJIMATH HaA TOIIOJOTMYCCKYIHO KOPTHHY pacClpeACJICHUA MarHuTHOI'O
IOJII Ha MArHuTornays3e U B obOactu IJ1a3MOITay3hl.
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